Unit 5: Torque and Rotational Dynamics
Topic 5.1
Rotational Kinematics

Learning Objectives

e Be able to apply the rotational kinematic equations when applicable both quantitatively and
semi-quantitatively.

e Define angular displacement, angular velocity, and angular acceleration.

Topic Questions

e How are the rotational kinematics equations applied to determine angular displacement, angular
velocity, or angular acceleration?

5.1.01 Angular Variables and Rotational Motion
[51.A1 51.A2 51.A3 51.A4]

An object's rotational motion is characterized by its angular position 6, angular velocity w, and angular
acceleration a, which are analogous to their linear counterparts: displacement x, velocity v, and acceleration
a. Consequently, these quantities follow the same physical rules and kinematics.

The change in an object's angular position A8 (ie, angular displacement) is the difference between the current
angular position 6 and its initial angular position 6o:

A6 =0 -0,
Angular displacement is commonly measured in degrees (°) or radians (rad). One complete rotation of the
object corresponds to A6 equal to 360° or 217 rad.

When angular displacement in a specific direction (clockwise or counterclockwise) is defined as the
mathematically positive direction, the opposite direction must be mathematically negative. This positive
and negative sign convention can subsequently be applied to other rotational variables, such as angular
velocity and acceleration.

Angular velocity w is defined as the ratio of A@ and the change in time At:

A6
Y
Furthermore, angular acceleration a is the change in angular velocity Aw over the change in time At:
Aw
“=ar

When angular acceleration is constant, the angular position and angular velocity can be determined as
functions of time t from the rotational kinematic equations, shown in Table 5.1, which are analogous to the
linear kinematic equations under constant linear acceleration (see Sub-Topic 1.3.01).
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Table 5.1 Rotational kinematic equations under constant angular acceleration.

Equation Relation
ws = w; + at Angular velocity with time
w?=w?2+2a- A6 Angular velocity with displacement
A= wt+ % at? Angular displacement with time
_ _ [t ,
AB = Wayg t= > t Average angular velocity

w, = initial angular velocity
w, = final angular velocity
a = angular acceleration
t=time
A6 = angular displacement (change in position)

W, g = verage angular velocity

Angular Velocity

Consider the situation where a student is asked to determine the angular velocity of a wheel that rotates at
a constant rate, and the student is supplied with a stopwatch and colored tape. Because the wheel rotates
at a constant rate, the angular acceleration a of the wheel is zero and the angular velocity w is constant.
Consequently, the rotational kinematic equations for angular displacement can be simplified to:

Es
A = wt+§€ét2

A =0—-6,=wt
where w is the angular velocity and A8 is the change in the angular position over time t. Furthermore, the
initial angular position 6o can be chosen as zero during the student's experiment, simplifying the equation to:
0 = wt+b6y
Solving for w yields:
w=-
t

The student can use the colored tape to track a single point on the outer edge of the wheel as it rotates
and the stopwatch to measure time. Because the angular position and time are directly proportional,
angular position can be graphed as a function of time, and the slope will be equal to the magnitude of the
angular velocity of the wheel.

If the student counts 10 complete rotations of the wheel in a time of 4 seconds, the angular velocity w is
given by:

_ 10 rotations _ rotations

" 4seconds s

Because one rotation is equal to 217 radians, the w of the wheel is equivalent to:

Fetaaené;)( 21 rad > rad

w=<2.5 - ~ 15.7 —
1 rotation S

S
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Angular Acceleration

Consider a centrifuge in a lab that spins with a constant angular velocity of w = 200 rad/s, as shown in
Figure 5.1. A student turns the centrifuge off and notes that it takes 25 seconds to come to rest as it
undergoes a constant angular deceleration. The rotational kinematic equations can be applied to calculate
the angular acceleration a of the centrifuge during the 25 second interval.

In this example, the initial (i) and final (f) angular velocities of the centrifuge are 200 rad/s and 0 rad/s,
respectively. Because the time interval is also known (t = 25 s), the angular acceleration can be determined
using the equation for angular velocity with time:

(A)f=wi+at

rad rad
0 T= 200 T+a(255)

Rearranging and solving for a yields:
rad rad
(075) ~ (200 55
(255)

rad
SZ

a =

a=-—8
Therefore, the angular acceleration of the centrifuge is —8 rad/s?.

* w; Final angular velocity
*w; Initial angular velocity
ea  Angular acceleration
ot Time

wf=wi+at

Att=25s

w.=200@ wf=0@
s

<o@>—<200@>
0% s ) __grad

(255s) s2

Figure 5.1 Angular acceleration of a centrifuge.
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Graphs of Rotational Motion

Graphical representations of the rotational variables can be used to calculate important parameters, such
as angular velocity and angular acceleration. In a graph of angular displacement A8 over time At, angular
velocity w equals the ratio of AG and At:

_ A6

At

This quantity is equivalent to the slope of the graph of A6 and At:

A8 |
w = A slope
Furthermore, a graph of angular velocity Aw over time At can be used to calculate the angular

acceleration a from the ratio of Aw and At:

w

Aw
“=ar
Again, this quantity is equivalent to the slope of the graph:
Aw
a= - slope

For example, consider the plot of the angular velocity w of a spinning wheel over time shown in Figure 5.2.
The angular velocity of the wheel increases at a constant rate during the time interval from 0 s to 2 s, and
then increases at a faster rate during the interval from 2 s to 4 s. The angular acceleration aatt=3 s is
the slope of the graph at t = 3 s because a is the ratio of Aw and At:

_Aw

Y

w (rad/s)
A
20 +
15+

104

0 i
0 1 2

Y

~
—

w
~

Figure 5.2 Graph of angular velocity over time.

Figure 5.3 shows that the slope of the graph at t = 3 s equals the ratio of the change in w fromt=2 s to
t =4 s and the total time interval, which is 4 s:
d
Aw_(15—5) %_ 10 rad
At (4—2)s 2 s2

This slope corresponds to the angular acceleration a at t = 3 s, which is 5 rad/s?:

slope =

_ Aw _ rad

@=—=5 —
At s?
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* a Angular acceleration
* Aw Change in angular velocity
« At Change in time

w (rad/s)
A
20 +
At
15+ >
10 4 Aw
51 |
0 : } } —> t(s)
0 1 2
A
a= Tat) = slope (t= 3 s)
rad rad
g= 275 575 _,rad
4s-2s s2

Figure 5.3 Calculating angular acceleration from the slope of angular velocity over time.
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Topic 5.1 Rotational Kinematics

Check for Understanding Quiz

1. Adisc of radius 0.5 m is initially at rest. It undergoes a constant angular acceleration and
reaches an angular velocity of 4 rad/s in 2 s. What is the disc's angular displacement during
this time?

A. 0.5rad
B. 2rad
C.4rad
D. 8 rad

2. Arotating disk gains an angular velocity of 4 rad/s in a time of 2 s. What is the angular
acceleration of the disk if it was initially at rest?

A. 2 rad/s?
B. 4 rad/s?
C. 8rad/s?
D. 16 rad/s?

3. A bicyclist applies the brakes to a wheel that is initially rotating at 10 rad/s. Frictional forces
create a constant torque that causes the wheel to come to rest in 2 s. What is the angular
acceleration of the wheel as the brakes are applied?

A. 10 rad/s?
B. 5 rad/s?

C. -2 rad/s?
D. -5 rad/s?

Note: Answers to this quiz are in the back of the book (appendix).

169



